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In applied research, such as with motivation theories, typically many variables are theoretically implied predictors of an outcome and several interactions are assumed (e.g., Watt, 2004).
However, estimation problems that might arise when several interaction and/or quadratic
effects are analyzed simultaneously have not been investigated because simulation studies
on interaction effects in the structural equation modeling framework have mainly focused on
small models that contain single interaction effects. In this article, we show that traditional
approaches can provide estimates with low accuracy when complex models are estimated. We
introduce an adaptive Bayesian lasso approach with spike-and-slab priors that overcomes this
problem. Using a complex model in a simulation study, we show that the parameter estimates
of the proposed approach are more accurate in situations with high multicollinearity or low
reliability compared with a standard Bayesian lasso approach and typical frequentist
approaches (i.e., unconstrained product indicator approach and latent moderated structures
approach).
Keywords: Adaptive lasso, continuous mixture, interaction effect, multicollinearity, quadratic
effect, regularization, reliability, spike-and-slab priors

Many theories in applied research propose complex patterns
of differential relationships, such as expectancy values theory (Eccles et al., 1983), theories on the prediction of
educational choices using vocational interests (Lapan &
Jingelski, 1992), or theories on burnout (e.g., Hao, Hong,
Xu, Zhou, & Xie, 2015). For example, in expectancy-value
theory, which is a dominant theory in educational psychology, expectancies for success and subjective task values are
seen as energizers of action and as the direct predictors of
achievement and choice outcomes (Wigﬁeld & Cambria,
2010a). Expectancies for success and values include four
major components, namely attainment value, intrinsic value,
utility value, and cost (Wigﬁeld & Cambria, 2010b), which
are inﬂuenced by a series of psychological, social,
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contextual, and sociocultural inﬂuences (e.g., Wigﬁeld &
Eccles, 2000). Not only are expectancies and values signiﬁcantly mutually correlated (e.g., Watt, 2004), but there has
also been a renewed focus on examining the interaction
between expectancies and values in predicting engagement,
career intentions, and achievement (e.g., Trautwein et al.,
2012).
In many empirical research articles using nonlinear
structural equation models (SEM), these theories are typically examined using smaller models that include only
single interaction effects (e.g., Dakanalis et al., 2014;
Dicke et al., 2014; Scalco et al., 2014). Instead of a
complex model that accounts for all relevant coexisting
constructs and their nonlinear effects simultaneously,
often several analyses are conducted separately for each
of the interaction effects under investigation (e.g., J. Guo,
Marsh, Parker, Morin, & Yeung, 2015; Trautwein et al.,
2012). These models might be preferred because complex
models tend to suffer from problems such as inaccurate
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estimates or low convergence rates. However, they may
not reﬂect reality or the complexity of the theory, which
may lead to statistical artifacts.
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et al., 2004) and the latent moderated structures (LMS)
approach (Klein & Moosbrugger, 2000). We compared
their performance to the aBSS-lasso proposed in this
article. Increasing model complexity was induced by
including two, three, or four latent predictors, and their
respective interactions and quadratic effects. The ﬁrst
model only included expectancies and intrinsic value
(one interaction, two quadratic effects), the second
model added utility value (three interactions and three
quadratic effects), and the last model added attainment
value (six interactions and four quadratic effects). The last
model reﬂected the complexity of expectancy-value theory that makes simultaneous predictions based on all of
these coexisting constructs.2
We used the US subsample of the data set
(N ¼ 10; 163) and randomly drew 100 samples, each
with N ¼ 400 students and analyzed them. Similar average parameter estimates were obtained across the models
and estimators. However, the variability of the parameter
estimates across the sample increased dramatically from
the simple two-predictor model to the complex fourpredictor model. This increase was strongest for the
UPI approach in which the median SD of the parameter
estimates for interaction and quadratic effects increased
from 0.23 to 0.86 (with a maximum SD of 2.12). For
LMS, the median SD increased from 0.19 to 0.25 (with a
maximum SD of 0.50). The proposed lasso method provided far more accurate results with a median SD of
0.09 (and a maximum SD of 0.12) for the complex
model, which was 2.8 times smaller than for LMS and
9.6 times smaller than for the UPI approach. This
implied that two researchers who analyzed two different
samples with LMS or the UPI approach might end up
with very different results (e.g., with a strong positive or
negative or zero interaction effect), whereas with the
aBSS-lasso they would have obtained very similar
results.
This example illustrates the problem that we want to
address in this article: If more complex models are analyzed that include several nonlinear effects that are meaningful from a modeling perspective, the multicollinearity
due to the correlations between the latent product terms
brings about a loss of estimation accuracy in standard
approaches. This problem can be addressed with shrinkage methods, such as the lasso.

In order to illustrate that the problem of model complexity is severe, we conducted a small simulation study using
the TIMSS 2015 data set (Mullis & Martin, 2013) and
applied the expectancy-value theory to predict math
achievement (details on the model and data set can be
found in Supplement 1, see Footnote 1). We investigated
the performance of two standard approaches used for
estimating latent interactions, the unconstrained product
indicator (UPI) approach (Kelava & Brandt, 2009; Marsh

The supplement can be downloaded from the ﬁrst author’s personal
website www.holger-brandts-methods.com.
2
False constraints in the structural model (i.e., omitting relevant nonlinear effects) can result in spurious estimates for the remaining parameters
and may not show up in model ﬁt (Gerhard, Büchner, Klein, &
Schermelleh-Engel, 2014; Gerhard et al., 2014; Klein et al., 2009). From
this perspective, it is beneﬁcial to include these nonlinear terms in this
model.

ESTIMATORS FOR NONLINEAR SEM
Several different statistical approaches have been developed that
account for multiple interaction or quadratic effects in nonlinear
SEM (e.g., Jöreskog & Yang, 1996; Kelava & Brandt, 2009;
Kelava, Nagengast, & Brandt, 2014; Klein & Moosbrugger,
2000; Klein & Muthén, 2007; Marsh, Wen, & Hau, 2004;
Schumacker & Marcoulides, 1998; Wall & Amemiya, 2003).
In general, latent interaction effects are used to investigate
differential hypotheses; that is, they test whether relationships
between predictors and outcomes depend on a third variable.
Quadratic effects are used to model curvilinear relationships.
Several researchers have advocated for them to be included
routinely in interaction models in order to reduce statistical
artifacts (e.g., Ganzach, 1997; Klein, Schermelleh-Engel,
Moosbrugger, & Kelava, 2009). However, most simulation
studies that use these approaches have primarily been conducted
using basic models that only include single interaction effects
and sometimes quadratic effects (e.g., Brandt, Kelava, & Klein,
2014; Cham, West, Ma, & Aiken, 2012; Kelava et al., 2011;
Marsh et al., 2004; and see Supplement 11 for a list of recent
simulation studies). As a consequence, it remains unclear how
these approaches perform when models become more complex;
that is, when more than two or three interaction effects and/or
quadratic effects are investigated simultaneously. In these situations, we can expect that the problem of multicollinearity
becomes more prominent because the product terms used to
operationalize interaction or quadratic effects can also be highly
correlated.
Alternative approaches, such as the lasso approach
(Tibshirani, 1996), have been developed in a regression
framework for complex models with many predictors and
situations with high multicollinearity. Their applicability
to nonlinear SEM has not yet been investigated in detail.
Here, we propose an adaptive Bayesian lasso approach
with spike-and-slab priors (aBSS-lasso) that may have
beneﬁcial estimation aspects in complex settings.

1
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Scope of the Article
In this article, we pursue two goals. First, we will propose
an aBSS-lasso for nonlinear SEM that has advantages in
variable selection and performance compared to other traditional approaches to nonlinear SEM. Second, we will compare the performance of the proposed aBSS-lasso approach
to traditional approaches to nonlinear SEM (LMS and UPI)
and a standard adaptive Bayesian lasso implementation (aBlasso) in situations with many predictor variables and
increasing multicollinearity. The advantages of the aBSSlasso are expected to be more prominent with increasing
multicollinearity.

Structure of the Article
In the following section, we will introduce the lasso estimator that has been developed to analyze complex models with
many predictor variables in regression analysis. We will
then extend this model to nonlinear SEM and provide a
Bayesian speciﬁcation, the aBSS-lasso. In a simulation
study, we will investigate the performance of the proposed
method. Finally, we will discuss the simulation results and
give recommendations on the use of the aBSS-lasso.

LASSO
The lasso comprises several different shrinkage methods
that were developed in the regression framework. We will
review the original lasso and its adaptive version. Then, we
provide information on their Bayesian implementations
using Laplace priors and its extension to spike-and-slab
priors that provide better shrinkage characteristics than the
Laplace priors. We discuss the selection of shrinkage parameters and shortly summarize lasso implementations in the
latent variable framework.
The lasso estimator was introduced by Tibshirani (1996)
as an alternative to the OLS estimator for multiple regression models. This estimator shrinks small regression effects
to zero by imposing a penalty term (regularization) to the
OLS criterion. For a regression with u ¼ 1 . . . m standardized predictor variables X ¼ ðx1 ; . . . ; xm Þ and a dependent
variable y, the lasso estimates ^
β ¼ ð^
β1 ; . . . ^
βm Þ0 are given by
(
^
β ¼ min ð~
y  XβÞ0 ð~
y  XβÞ þ λ
β

m
X

)
jβu j

on the regression coefﬁcients increases until all coefﬁcients
are shrunken to zero (different methods on how to select or
estimate λ are discussed below).
The advantage of the lasso estimator compared to the
OLS estimator is that it is designed to provide smaller
standard errors (“super-efﬁcient” estimator; Tibshirani,
1996). Further, the lasso can be used as a selection criterion
for predictor variables. Due to the imposed shrinkage, parameters close to zero are shrunken exactly to zero. In situations with many predictor variables, this implies two
advantages: ﬁrst, model interpretation and sparsity are facilitated because the model provides a very clear structure of a
subset of variables with no inﬂuence at all and a subset of
variables with regression coefﬁcients unequal to zero.
Second, the problem of multicollinearity is attenuated
because the estimates and (semi)-partial correlations are
more stable (Zou, 2006).
Besides the L1 penalty, different versions of penalties
have been introduced, such as the ridge regression that
p
P
uses an L2 penalty of the form λ ðβj Þ2 (Hoerl &
j¼1

Kennard, 1970), or the generalized Lq penalty called bridge
regression (e.g., Frank & Friedman, 1993). Further extensions of the lasso include the adaptive lasso (Grifﬁn &
Brown, 2011; Wang, Li, & Tsai, 2007; Zou, 2006), the
elastic net (a combination of lasso and ridge regression;
Zou & Hastie, 2005), group lasso estimators (a variant
particularly for categorical predictor variables; e.g., Feng,
Wang, Wang, & Song, 2015; Meier, Van De Geer, &
Bühlmann, 2008; Xu & Ghosh, 2015; Yuan & Lin, 2006),
and Bayesian implementations of the lasso (e.g., Hans,
2009; Park & Casella, 2008) or the adaptive lasso (Leng,
Tran, & Nott, 2014).

Adaptive Lasso
The adaptive lasso allows for a more ﬂexible control of the
shrinkage imposed on the parameters by selecting u ¼
1 . . . m different shrinkage coefﬁcients (λu ) for each of the
m regression coefﬁcients. The regression coefﬁcients are
received from the function
(
^β ¼ min ð~y  XβÞ ð~y  XβÞ þ
0

β

(1)

u¼1

with ~
y ¼ y  β0 (Park & Casella, 2008; Tibshirani, 1996).
The lasso estimates can be viewed as L1 -penalized leastsquares estimates (Park & Casella, 2008). The shrinkage
parameter λ  0 controls the amount of shrinkage. With
λ ¼ 0, the estimator is equivalent to the OLS estimator.
With increasing λ ! 1, the amount of shrinkage imposed

m
X

)
λu jβu j :

(2)

u¼1

The shrinkage of variables can be controlled, for example,
by using smaller shrinkage parameters for important variables and larger ones for unimportant variables (Leng et al.,
2014; Zou, 2006).
The adaptive lasso overcomes one of the main problems of the original lasso; that is, the original lasso
produces inconsistent parameter estimates in some situations independent of the actual choice of the shrinkage
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factor because it shrinks all coefﬁcients with the same
shrinkage factor (Zou, 2006). The adaptive lasso can
produce consistent estimates with an appropriate choice
of shrinkage factors (Leng et al., 2014). Another advantage of the adaptive lasso is that the original limitation
of the lasso – that predictor variables should be standardized to ensure a similar penalty on all effects – is
attenuated. This is particularly important for situations
with models that include interaction effects because
products of standardized variables are not standardized
themselves. Although product variables in manifest
regression analyses can be standardized a priori, this is
more complicated in latent variable models where a
model implied standardization of latent variables is
more complicated (cf. Brandt, Umbach, & Kelava,
2015; Song, Li, Cai, & Ip, 2013).

Bayesian (Adaptive) Lasso
The penalty imposed on the OLS criterion by Equation 1
can also be implemented in a Bayesian framework (e.g.,
Hans, 2009; Kyung, Gill, Ghosh, & Casella, 2010; Park &
Casella, 2008). In a Bayesian lasso regression, each of the
regression coefﬁcients follows a conditional double exponential prior (Laplace prior; Park & Casella, 2008):


λ
λjβu j
pﬃﬃﬃﬃﬃ exp pﬃﬃﬃﬃﬃ
f ðβjσ Þ ¼
2
σ2
u¼1 2 σ
2

m
Y

(3)

with a marginal prior for the residual variance σ2 of y. The
lasso estimate is equivalent to the mode of the posterior
distribution (Tibshirani, 1996).
The adaptive version of the Bayesian lasso uses
separate shrinkage factors λu for each regression coefﬁcients (Grifﬁn & Brown, 2011; Leng et al., 2014):


m
Y
λu
λu jβu j
2
pﬃﬃﬃﬃﬃ exp pﬃﬃﬃﬃﬃ :
f ðβjσ Þ ¼
2
σ2
u¼1 2 σ

(4)

Again, it can be expected that the λs for small regression
coefﬁcients are larger than those of the larger coefﬁcients
(see simulation results in Leng et al., 2014).
One aspect of the Bayesian implementation should be
noted: in order to preserve the variable selection property, the mode of the posterior needs to be used.
Different methods on how to obtain this mode have
been discussed (e.g., Grifﬁn & Brown, 2011; Leng
et al., 2014; Yuan & Lin, 2005). Often, the mode is
not the preferred statistic in Bayesian modeling either
because this value can be unreliable in certain situations
(e.g., when the posterior distribution is not unimodal) or
because the posterior can provide more information via
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its mean and credibility intervals (Gelman et al., 2013).
If the mean of the posterior is used as an estimate, the
Bayesian lasso does not produce exact zeros and loses
its variable selection property (Leng et al., 2014). One
method that overcomes this disadvantage is the spikeand-slab prior.

Spike-and-Slab Priors
An important extension has been proposed to capture the
advantage of the lasso in the Bayesian framework when the
number of possible predictors is large: the spike-and-slab
prior (e.g., Mitchell & Beauchamp, 1988; Fahrmeir, Kneib,
& Konrath, 2010; Yuan & Lin, 2005) and the utilization of a
selection variable that controls the inclusion of variables
(Dellaportas, Forster, & Ntzoufras, 2002; George &
Culloch, 1993; Kuo & Mallick, 1998).
The basic idea of this Bayesian variable selection technique is to combine a prior distribution (e.g., Bernoulli) that
controls the inclusion of variables in the regression with a
prior distribution (e.g., normal) of those regression coefﬁcients that have effects different from zero (conditional on
the subset of the selected variables).
Different types of these models have been proposed that
can be grouped, for example, by the type of selection variable. Kuo and Mallick (1998) suggest to use a binary variable ν that controls the inclusion of each predictor variable.
They formulate the following model for each of the u ¼
1; . . . ; m regression coefﬁcients (cf. Lykou & Ntzoufras,
2013):
βu ¼ βu νu

(5)

βu ,dexpð0; 1=ðσλu ÞÞ

(6)

νu ,Bernðπu Þ

(7)

πu ,Betaðau ; bu Þ;

(8)

where dexpðμ; σÞ is the double-exponential (Laplace) prior
with mean μ and scale σ, and σ2 is the residual variance of
y. νu is a binary Bernoulli distributed variable with Beta
distributed probability πu that indicates the probability that
the regression coefﬁcient is different from zero. This model
is basically a discrete mixture model with two components
(βu νu þ 0ð1  νu Þ). The ﬁrst component follows a double
exponential distribution (slab) and the second component is
a constant mass at zero (spike). The advantage of the model
is that the prior speciﬁcation leads to distinct subsets of zero
and nonzero regression coefﬁcients. Small regression coefﬁcients are shrunken to zero. The disadvantage of this
model is that it produces a high-dimensional discrete parameter space, which results in strong computational burden
(Bhadra, Datta, Polson, & Willard, 2017).

950

BRANDT ET AL.

Ishwaran and Rao (2005) proposed a different model
within the ridge regression framework. Instead of sampling
the binary variable ν, they formulate a more direct approach:
βu ,N ð0;

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ21 πu þ σ22 ð1  πu ÞÞ

πu ,Betaðau ; bu Þ;

(9)
(10)

where N ðμ; σ) is the normal distribution with mean μ and
standard deviation σ. This model essentially represents a
continuous mixture model for the regression coefﬁcients:
βu ¼ β1u πu þ β2u ð1  πu Þ

(11)

βju ,N ð0; σj Þ; j ¼ 1; 2

(12)

πu ,Betaðau ; bu Þ:

(13)

In this model, the variance σ22 is selected using a very small
value, which – similar to the speciﬁcation above – results in
a very spiky distribution concentrated around zero. The
variable πu can be viewed as a complexity parameter
(Ishwaran & Rao, 2005) that controls the complexity of
the model. If effects are small, πu approximates zero and
hence, coefﬁcients are close to zero, too. If effects are large,
πu approximates one and the size of the effects are primarily
driven by β1u. This model allows for more ﬂexibility and a
higher amount of adaptivity compared to the model in
Equation 8 (Ishwaran & Rao, 2005).

Selection of Shrinkage Parameter(s)
For the selection of the shrinkage parameter λ, different
procedures have been suggested. These include graphical
inspection of the amount of shrinkage for each parameter
across different selected shrinkage parameters (regularization plots; Lykou & Ntzoufras, 2013), the evaluation of
empirical Bayes approaches (Atchade, 2011; Casella,
2001; Lykou & Ntzoufras, 2013), and cross-validation techniques (e.g., Tibshirani, 1996).
Within the Bayesian framework, the usage of prior
distributions for the shrinkage factor λ allows for a more
ﬂexible estimation (Guo, Zhu, Chow, & Ibrahim, 2012;
Lykou & Ntzoufras, 2013; Park & Casella, 2008). The
selection of ﬁxed shrinkage factors, which always
implies some subjective judgment by the researcher, is
not necessary. In contrast, using uninformative prior
distributions with heavy tails for the shrinkage factors
allows for a more model-driven selection of the shrinkage (cf. Feng et al., 2015; Feng, Wu, & Song, 2015).
Typical distributions used are the inverse gamma distribution or the Half Cauchy distribution (Gelman, 2006;
Polson & Scott, 2011). These priors have asymmetrical
distributions that are bounded at zero; selecting

hyperparameters that allow for large variances of the
priors gives the necessary ﬂexibility in the sampling.
Latent Variable Lasso Implementations
Recently, the lasso estimator has been introduced to latent variable models. Feng, Wu, and Song (2015) applied the Bayesian
adaptive lasso to latent ordinal regression, extending previous
work by Leng et al. (2014). Jacobucci, Grimm, and McArdle
(2016) provided an R package called regsem for penalized SEM
by applying a penalty directly to the likelihood function:
Fregsem ¼ FML þ λPðÞ:

(14)

This package can be used for linear SEM. Here, PðÞ
includes the penalty function for the (sum of the) parameters
(see Equation 1). Details are provided in Jacobucci et al.
(2016). Further extensions include methods for semiparametric SEM that use the (adaptive) Bayesian lasso for latent
spline models (Guo et al., 2012), and group lasso implementations (Feng et al., 2015). Implementations in SEM
using a spike-and-slab prior have not yet been proposed
(or tested in a simulation study).

Conclusions
A majority of developments in the area of penalized
models—particularly the lasso can be found for manifest
variable models. Extensions to latent models are rare and
implementations are seldom available for applied users. In
the following section, we will specify a general latent
(nonlinear) adaptive Bayesian lasso model with spikeand-slab priors. This general model can be used for linear
or for nonlinear SEM; its advantage compared to traditional approaches is more pronounced if many latent
variables are used. In a simulation study, we will compare
its estimation properties to traditional maximum likelihood approaches that have been used predominantly for
nonlinear SEM in the recent past and to a standard
adaptive Bayesian lasso.

ADAPTIVE BAYESIAN LASSO WITH SPIKE-ANDSLAB PRIORS FOR SEM: ABSS-LASSO
In this section, we provide the general speciﬁcation of the
aBSS-lasso for SEM. The model is general as it covers
linear and nonlinear models. We compare the model speciﬁcation to a standard adaptive Bayesian lasso implementation (aB-lasso) and give guidelines on the choice of the
spike-and-slab priors.
For each subject i ¼ 1 . . . N the measurement model the
p dimensional vector xi and the q dimensional vector yi is
given by

BAYESIAN LASSO APPROACH FOR SEM

xi ¼ τx þ Λx i þ δi

(15)

yi ¼ τy þ Λy ηi þ 2i ;

(16)

where τx and τy are p- and q dimensional vectors of intercepts, Λx and Λy are p  m and q  n dimensional factor
loading matrices, i includes the m independent latent variables, ηi includes the n dependent variables, and, ﬁnally δi
and i are residual vectors whose elements are assumed to
be mutually independent and independent with i and ηi .
The structural model is given by
ηi ¼ α þ Γ1 i þ Γ2 vechði i0 Þ þ ζi ;

(17)

where α is a vector of latent intercepts, Γ1 and Γ2 include
the regression coefﬁcients, and ζi is a residual vector.
vechði i0 Þ is an mðm þ 1Þ=2 dimensional vector that
includes all nonredundant product terms of the latent predictor vector i.
The structural model as speciﬁed in Equation 17 is a
saturated model according to the fact that it includes all
possible two-way interaction and quadratic effects that can
be formulated with the predictor vector. The model can be
simpliﬁed to include less than mðm þ 1Þ=2 effects. Or, the
model can be reduced to a purely linear model by omitting
Γ2 vechði i0 Þ. The model formulation can be extended to
include directed linear and nonlinear effects between the
dependent variables. Here, we do without this model part
in order to keep a simple model.

Bayesian Model Speciﬁcation
Except for the spike-and-slab model part that refers to
the regression coefﬁcients in the model, the Bayesian
model speciﬁcation follows a standard implementation
for SEM and is provided in Supplement 2 (see Footnote
1; see e.g., R. Guo et al., 2012; Song et al., 2013). The
spike-and-slab prior for the lasso part of the model is
speciﬁed using a product of a double exponential
(Laplace) distribution and a Beta distributed prior. For
each regression coefﬁcient γw;vu (w ¼ 1; 2) in the
matrices Γ1 and Γ2 , the following speciﬁcation is used
for an adaptive lasso implementation
γw;vu ¼ γw;vu πw;vu

(18)



γw;vu ,dexp 0; 1=ðσζvv λw;vu Þ

(19)

σζvv ,C þ ðα; βÞ

(20)

λ2w;vu ,C þ ðα; βÞ

(21)

πw;vu ,Betaðaw;vu ; bw;vu Þ

(22)
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where C þ ðα; βÞ is the Half Cauchy distribution with hyperpriors (α; β), and Betaðaw;vu ; bw;vu Þ is the Beta distribution
with hyperpriors aw;vu ; bw;vu .

Properties of the Implementation
For each coefﬁcient, two relevant parameters are speciﬁed:
ﬁrst, the shrinkage parameter λ that controls the scale of the
double exponential (Laplace) distribution from which the
coefﬁcient γ is sampled. With increasing λ the variance
decreases and approximates zero. This results in small,
strongly shrunken effects γ . In order to provide ﬂexibility
for the sampling of the shrinkage factor, a Half Cauchy
distribution is proposed (Park & Casella, 2008; Polson &
Scott, 2011).3 The usage of σζvv in the deﬁnition of the prior
variance of γ allows us to control the shrinkage across
different dependent variables with different (residual) variances. When using only the shrinkage due to the double
exponential (Laplace) distribution, a standard adaptive
Bayesian lasso (aB-lasso) procedure results (i.e., γw;vu ¼
γw;vu instead of Equation 18; cf. Feng, Wu, & Song, 2017;
Leng et al., 2014). This procedure results in less shrinkage
than the spike-and-slab prior.
Second, a continuous variable π is generated from a Beta
distribution. This distribution is limited between zero and
one. The multiplication of π and γ can be viewed as a
continuous mixture distribution. Here, we model a mixture
of a double exponential (Laplace) distribution and a constant zero mass distribution. If π is close to one, then the
resulting regression coefﬁcient will have a double exponential (Laplace) distribution (slab). If π approximates zero,
then the coefﬁcient will approximate zero, too (spike). As
a consequence, the aBSS-lasso can be used as a variable
selection tool.
In contrast to previous similar implementations for
regression models, we see some advantages for the proposed method. In comparison to a discrete mixture model
in Equation 8 (Dellaportas et al., 2002; Kuo & Mallick,
1998; Lykou & Ntzoufras, 2013), it allows for a higher
ﬂexibility and amount of adaptiveness (Ishwaran & Rao,
2005) as well as a smaller computational burden. Further,
using the prior speciﬁcations given above, the model can be
feasibly implemented in available Bayesian software
packages (e.g., in Stan or Jags; Plummer, 2017; Stan
Development Team, 2016b), which allows a straightforward
use by applied researchers. And, in contrast to the procedure
suggested by Ishwaran and Rao (2005) described above,
which is an extension of ridge regression that uses a continuous mixture of normal distributions, our method

3
Simulation results not reported here indicated that the performance of
the aBSS-lasso did not depend on the prior speciﬁcation with Half Cauchy
or alternatively with Inverse Gamma distributions.
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between 1 ; 2 and a quadratic effect for 4 with γ2;2 ¼
γ2;10 ¼ :2 were included. The size of the nonlinear effects
was in line with typical effect sizes reported in Chaplin
(1991, 2007). All remaining nonlinear effects were set to
zero.
For each latent variable, data for three indicator variables
were generated by

provides a sharper distribution for the parameter coefﬁcients
by using a double exponential (Laplace) prior.

SIMULATION STUDY
In this simulation study, we will now investigate the estimation properties of the proposed aBSS-lasso under different
conditions of multicollinearity, reliability, and sample size.
We compare its performance to LMS and the UPI approach,
which can be viewed as standard procedures for analyzing
latent interactions, and to a standard adaptive Bayesian lasso
(aB-lasso).
The following complex latent nonlinear model was used
in the simulation study:

yi ¼ Λy ηi þ 2i and xi ¼ Λx i þ δi ;

where the factor loading matrix Λx had simple structure (i.e., each indicator variable only loaded on one
latent variable) and Λy was a vector for the factor
loadings on η. The factor loadings were set to 1. We
selected two conditions of reliability (low vs. high) by
setting the variances of the residual variables either to
0.25 or 1, which resulted in a reliability for the indicator variables of 0.8 or 0.5, respectively. Indicator variables for the predictor variables were centered within
each data set before analysis. Data were generated for
sample sizes of N ¼ 200; 400 and 800. With the four
different conditions of multicollinearity (ρ ¼ :2; :4; :6; :8)
and two different conditions of reliability (low vs.
high), this resulted in 24 data conditions. The complete
model is illustrated in Figure 1.

ηi ¼ α þ Γ1 i þ Γ2 vecði i0 Þ þ ζi
¼ α þ γ1;1 1i þ γ1;2 2i þ γ1;3 3i þ γ1;4 4i
þ γ2;1 ð1i Þ2 þ γ2;2 1i 2i þ γ2;3 1i 3i
þ γ2;4 1i 4i þ γ2;5 ð2i Þ2 þ γ2;6 2i 3i
þ γ2;7 2i 4i þ γ2;8 ð3i Þ2 þ γ2;9 3i 4i
þ γ2;10 ð4i Þ2 þ ζi :

(23)

The four predictor variables (1 ; . . . ; 4 ) were generated as
standard multivariate normally distributed variables with
correlations of ρ ¼ :2; :4; :6; or :8; the variance of the
(normal) residual ζ was chosen such that η had unit variance
and α was set to zero in the population. For data generation,
we set the linear effects to γ1;1 ¼ γ1;2 ¼ :3 and
γ1;3 ¼ γ1;4 ¼ 0; for the nonlinear effects, an interaction
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FIGURE 1 Path diagram for the model used in the simulation study. Dashed lines indicate paths that were set to zero in the population model (but estimated
freely in the analysis model). Correlations between product terms and the factors 1 ; . . . ; 4 are zero for centered normal variables. Measurement models for the
product terms were only used for the UPI approach (and included additional 62 residual covariances between the product indicators).
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10 adaptive integration points per dimension was used.
This number is lower than that suggested by Klein and
Moosbrugger (2000); however, due to computational limitations, this reduction of the integration points was
necessary.
Note that the performance of LMS was strongly tied to
the speciﬁcs of the numerical integration used here.
Simulation results not reported here that used a Monte
Carlo integration method (with a standard 500 iterations)
resulted in very low convergence rates (below 20% for
higher correlation conditions). Similar results were obtained
for a Gauss–Hermite integration without adaptive integration points (which was suggested by Klein & Moosbrugger,
2000); here, again, convergence rates were very low.
UPI Approach
For the speciﬁcation of the UPI approach, three product
indicators were formed prior to the analysis and were used
as indicator variables for the 10 latent product terms.
Additionally, several residual error covariances needed to
be speciﬁed (for details, see Kelava & Brandt, 2009) . For
the model as speciﬁed in this scenario, a total of 62 residual
covariances were necessary. An inspection of the results
indicated that these covariances were substantial and different from zero across all conditions. The UPI approach
was implemented in Mplus, using a robust MLR estimator
with sandwich-type standard errors (White, 1982; Yuan &
Bentler, 2000) that were robust to the nonnormality that
was induced by including the product indicators.
Lasso Approaches
We selected two implementations of the Bayesian lasso: the
aB-lasso and the aBSS-lasso. The aB-lasso follows the model as
described for adaptive Bayesian regression models by Leng
et al. (2014), using a double exponential (Laplace) prior for
the regression coefﬁcients. The aBSS-lasso extends this speciﬁcation by using a spike-and-slab-prior. For both implementations, we used weakly informative priors for all model
parameters except of the latent regression coefﬁcients (see
details in Supplement 3, see Footnote 1). For the regression
coefﬁcients, let γ ¼ ðγ1;1 ; . . . ; γ1;4 ; γ2;1 ; . . . ; γ2;10 Þ include all
linear and nonlinear effects. For the aB-lasso, double exponential priors were speciﬁed as
γu ,dexpð0; 1=ðσζ λu ÞÞ

γu ¼ πu γu
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πu ,Betað:5; :5Þ

γu ,dexpð0; 1=ðσζ λu ÞÞ

λ2u ,C þ ð0; 2:5Þ

(26)

with Betað:5; :5Þ as an uninformative Jeffrey’s prior.
The lasso approaches were implemented in Stan (Carpenter
et al., 2017; Stan Development Team, 2016b) using the Rstan
package (Stan Development Team, 2016a) in R (R Core Team,
2015). Four chains with each 2000 iterations were used for
estimation. The ﬁrst 1000 iterations were discarded as burn-in
iterations. Stan uses a Hamiltonian Monte Carlo algorithm that
converges faster than other Markov Chain Monte Carlo
(MCMC) algorithms such as the Gibb’s sampler (as they are
implemented in jags or openbugs). Hence, a smaller number of
iterations is sufﬁcient to ensure convergence (Betancourt &
Girolami, 2015; Neal, 2011). Convergence was checked in detail
for random samples across all conditions using trace and density
plots as well as the Rhat statistic. Furthermore, convergence was
checked for each data set by investigating the Rhat statistic and
selecting samples only if Rhat<1:1 for all model parameters
(Gelman & Rubin, 1992).

RESULTS
In order to provide an informative overview, results for different
parameter “categories” were summarized based on their population values: linear nonzero effects (γ1 Þ0, i.e.,γ1;1 ¼ γ1;2 ¼ :3),
nonlinear nonzero effects (γ2 Þ0, i.e.,γ2;2 ¼ γ2;10 ¼ :2), and the
respective linear and nonlinear zero effects (γ1 ¼ 0, γ2 ¼ 0).
Results for parameters within each of these category were very
similar, and averaging the results did not lead to either a substantial reduction of information or a distorted presentation of the
ﬁndings. Tables for the results can be found in Supplement 3 (see
Footnote 1).
We present results on convergence rates, the (absolute)
parameter bias and coverage rates, and then on the root
mean squared errors (RMSE), which is a measure of parameter accuracy. Coverage rates were based on the 95%
probability intervals for the lasso approaches. For the frequentist approaches (LMS and UPI), conﬁdence intervals
were calculated based on the estimated standard errors.

Convergence Rates

λ2u ,C þ ð0; 2:5Þ
(25)

with u = 1…14 indicating the uth element of γ, and the
residual standard deviation (σζ) of η with a prior distribution
of σζ ,C þ ð0; 2:5Þ (cf. Park & Casella, 2008). For the aBSSlasso, the following priors were speciﬁed:

Convergence rates were generally high with average rates of
98.3% for the aBSS-lasso, 99.7% for the aB-lasso, 99.6%
for LMS, and 91.7% for the UPI approach. The UPI
approach produced lower convergence rates for small sample sizes and low reliability (60.0–79.0%) as well as for
high multicollinearity and low reliability (82.0% for N ¼
400 and 79.0% for N ¼ 800).
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Parameter Bias
Figure 2 shows the results of the parameter bias. For the
linear effects (γ1 , left panels), the bias for all approaches lay
between  0:04 except for the condition with small sample
size, low reliability, and high multicollinearity: here, the
UPI approach produced a bias of  0:09 for linear nonzero
effects and þ 0:10 for the linear zero effects. Some bias was
also found for the lasso approaches (between  0:05 and
0:06) under this condition. For the nonlinear effects that
were zero in the population (γ2 ¼ 0, right bottom panel),
parameters were mostly unbiased (with values between 
0:03 and 0:04) across all conditions.
For the nonzero coefﬁcients (γ2 Þ0, right top panel), differences across the estimators were found. The UPI approach
produced the largest bias, ranging from  0:18 to 0:16 for
low-reliability conditions and between  0:01 to 0:13 for
high-reliability conditions. The bias was more prominent in the
low-reliability conditions, where even for large sample sizes
(N ¼ 800) a bias of  0:15 was observed for the strong multicollinearity condition. LMS produced relatively unbiased estimates except for some marginal bias for small sample sizes
(N ¼ 200), high multicollinearity and low reliability (with a
bias up to –0.03).
Both lasso implementations (aBSS and aB) performed similarly. For low-reliability conditions, the negative bias increased
with multicollinearity up to  0:13; for high-reliability conditions, the bias increased up to  0:10. The bias was slightly
stronger for the aBSS-lasso compared to the aB-lasso. The
negative bias was in line with the model speciﬁcation and was
expected: small effects were drawn to zero because the prior was
chosen with a zero mean, pulling effects closer to zero in order to
produce a sparse parameter vector. The bias decreased with
increasing sample size.

Coverage
Figure 3 illustrates the 95% coverage rates. For the aBSS-lasso,
coverage rates lay between 0.92 and 0.98 for nonzero effects and
above 0.98 for zero effects. For the aB-lasso similar coverage
rates were found for nonzero effects (0.92 to 0.99) but slightly
smaller rates compared to the aBSS lasso for zero effects (0.95 to
1.00). Coverage rates were very similar for low- and highreliability conditions as well as for different sample sizes or
multicollinearity conditions. The bias found for the parameter
estimates of the lasso approaches did not severely affect the
coverage rates.
For LMS, coverage rates lay between 0.92 and 0.98;
there was virtually no difference between zero and nonzero
effects and only minor differences across conditions. For the
UPI approach, differences could be observed between highand low-reliability conditions. For low reliability, coverage
rates lay between 0.96 and 1.00, and for high reliability,
coverage rates lay between 0.90 and 1.00; they were higher

for low-reliability conditions and increased with the amount
of multicollinearity.

RMSE
As can be seen from Figure 4, the lasso approaches produced more accurate estimates compared to the other
approaches particularly in situations with high multicollinearity and low reliability. The RMSE of the lasso
approaches were relatively unaffected by increasing multicollinearity or sample size. It lay between 0.02 and 0.19 for
the aBSS-lasso and between 0.03 and 0.21 for the aB-lasso.
The RMSE was slightly larger for low-reliability condition
(0.03–0.19 for the aBSS-lasso and 0.05–0.21 for the aBlasso) than for the high-reliability conditions (0.02–0.14 and
0.03–0.17, respectively).
The RMSE of both LMS and the UPI approach were
strongly affected by (low) reliability, increasing multicollinearity, and (small) sample size. For LMS, the RMSE
increased more strongly for nonlinear effects compared to
linear effects; there was virtually no difference between zero
and nonzero effects. For low reliability, the RMSE increased
from 0.05 to 0.83, and for high reliability, the RMSE
increased from 0.03 to 0.29. For the UPI approach, the
RMSE increased up to 1.18 (and 1.17) for low (and high)reliability conditions.
Finally, a comparison of the relative accuracy between
approaches showed that the aBSS-lasso produced the most
accurate estimates particularly for zero parameters (see
Figure 5). The relative accuracy was deﬁned as the RMSE
of the respective approach divided by the RMSE of the
aBSS-lasso under each condition. Values above 1 indicate
a smaller RMSE for the aBSS-lasso; values below 1 indicate
a smaller RMSE for the respective approach.
Compared to the aB-lasso, a similar accuracy could be
found for nonzero effects (ratios lay between 0.90 and 1.36);
for zero effects, the aBSS-lasso was more accurate with
ratios between 1.25 and 2.00, which indicated that the
RMSE was up to twice as large for the aB-lasso compared
to the aBSS-lasso. Differences across sample sizes, multicollinearity, and reliability were marginal.
For LMS, accuracy was similar only for the linear nonzero
effects. For the linear zero effects, the accuracy was about 1.8
times higher for the aBSS-lasso compared to LMS. For the
nonlinear effects, the advantage of the aBSS-lasso increased
with the amount of multicollinearity. It was more pronounced
for low-reliability conditions with ratios up to 8.28 compared
to high-reliability conditions with ratios up to 3.30.
A similar result was found for the UPI approach. Here, the
accuracy of the aBSS-lasso was up to 12.82 (or 11.97) times
higher than for the UPI approach for low (or high)-reliability
conditions. A comparable accuracy for the two approaches
could only be found for linear nonzero effects under the condition of high reliability and large sample size (N ¼ 800).
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FIGURE 2 Average parameter bias for zero (γ1 ¼ 0; γ2 ¼ 0) and nonzero (γ1 Þ0; γ2 Þ0) linear and nonlinear parameters.

FIGURE 3 Average 95% coverage rates for zero (γ1 ¼ 0; γ2 ¼ 0) and nonzero (γ1 Þ0; γ2 Þ0) linear and nonlinear parameters.

DISCUSSION
In this article, we presented the aBSS-lasso, which is an
adaptive Bayesian lasso model with spike-and-slab
priors for SEM with latent linear and nonlinear

interaction and quadratic effects. Simulation results indicated that the advantages of the aBSS-lasso compared to
standard approaches (LMS and UPI) were most pronounced for smaller sample sizes, low reliability, and
increasing multicollinearity. This study also provided
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FIGURE 4 Average RMSE for zero (γ1 ¼ 0; γ2 ¼ 0) and nonzero (γ1 Þ0; γ2 Þ0) linear and nonlinear parameters.

FIGURE 5 Relative accuracy for zero (γ1 ¼ 0; γ2 ¼ 0) and nonzero (γ1 Þ0; γ2 Þ0) linear and nonlinear parameters. The relative accuracy was calculated by
dividing the RMSE of the respective approach and the one of the aBSS-lasso. Note that the y axis has a logarithmic scale.

evidence that this particular type of Bayesian lasso
approach produces more accurate results in the (nonlinear) SEM framework compared to another recent
adaptive Bayesian lasso approach (i.e., aB-lasso) that

uses a double exponential prior but not a spike-andslab prior (e.g., Feng et al., 2017).
The main advantage of the aBSS-lasso compared to standard approaches was that accuracy did not depend as strongly

BAYESIAN LASSO APPROACH FOR SEM

on the correlation between predictor variables. The UPI
approach showed less favorable estimation properties particularly in situations with low reliability or high multicollinearity
that resulted in an RMSE that was up to 12 times larger
compared to the aBSS-lasso. The reason for the suboptimal
performance of the UPI approach lies in its conceptualization:
it needs product indicators. If several latent product terms are
estimated simultaneously, a substantive amount of multicollinearity between these product indicators is induced because
they are created from the same indicators (e.g., X1 was
included in X1 X4 for a latent interaction 1 2 and in X1 X7 for
1 3 in the simulation study). This multicollinearity is taken
into account by including several residual covariances, which
in turn makes the model less parsimonious with increasing
numbers of latent product terms in the model (for technical
details, see Kelava & Brandt, 2009).
LMS’ performance was impaired mostly by the amount
of multicollinearity, which resulted in an RMSE as high as
about eight times the one of the aBSS-lasso. Furthermore,
models that are more complex than those investigated in the
simulation study might lead to computational limitations for
LMS because the computational burden increases exponentially with the number of latent product terms (and resulting
dimensions of integration). The aBSS-lasso as a Bayesian
method will of course result in more time consuming analyses but will still provide results.
The theoretical advantages of the aBSS-lasso compared to
the aB-lasso are that the shrinkage for small effects is more
effective (i.e., higher accuracy) and that the method allows to
retrieve more of its original intention as a selection tool. In the
simulation study, we showed that both implementations provide similar results in some situations. Practically relevant
advantages for the aBSS-lasso were found for effects that are
zero in the population. Here, the aBSS-lasso produced more
accurate results as indicated by up to a twice as small an RMSE
as compared to the aB-lasso.
Limitations
As with any simulation study, the number of scenarios
investigated was limited. When using complex nonlinear
models, it is also necessary to consider the processing time
that increases with sample size and model complexity. Both
LMS and the lasso implementations are time-consuming
methods. In this simulation, we focused on normally distributed data and we did not include effects due to clustering
(i.e., multilevel structures). Extensions of the model formulation are straightforward to implement, for example, by
using mixture models (Kelava et al., 2014) or multilevel
SEM. However, the simulation included relevant conditions
of reliability, multicollinearity, and sample size, which
revealed substantial differences between the methods
investigated.
One ﬁnding in the simulation study was a negative bias
of the lasso implementations for effects that were different
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from zero in the population. This bias was to be expected
due to the prior formulation. The main scope of the spikeand-slab prior (or the double exponential prior) is to shrink
small parameters to zero in order to produce results that
have a “simple structure” and illustrates the method’s variable selection property. Coverage rates were not impaired
and lay well above 90%, which implied that the bias did not
produce results that would lead to wrong substantive
conclusions.
Comparison to Other Shrinkage Methods
Bayesian shrinkage priors have recently received more attention, resulting in several different priors (Polson & Scott,
2011). Spike-and-slab priors with categorical mixing variables
are considered to be two-group models because model parameters are discrete mixtures of a point-mass and another distribution. They are sometimes considered the gold standard for
shrinkage methods (Piironen & Vehtari, 2017). One of the
disadvantages of these discrete models is that they result in
high-dimensional discrete parameter spaces that are computationally demanding (Bhadra et al., 2017). The model formulation used here for the aBSS-lasso and the model in Ishwaran
and Rao (2005) overcomes the limitation of previous spikeand-slab priors by using a continuous mixture.
The second group of Bayesian shrinkage priors are
considered one-group models or continuous scale mixtures (Bhadra et al., 2017). This group includes many
different shrinkage methods such as the horseshoe prior
(Carvalho, Polson, & Scott, 2010), the horseshoe+ prior
(Bhadra et al., 2017), the normal gamma prior (Grifﬁn &
Brown, 2010), and others (e.g., Armagan, Dunson, &
Lee, 2013; Armagan, Clyde, & Dunson, 2011;
Bhattacharya, Pati, Pillai, & Dunson, 2015; Zhang,
Reich, & Bondell, 2016). The scale-mixture priors have
been developed particularly for sparse regression models
that include, for example, 1000 predictor variables (e.g.,
in genome research). One of their advantages is that they
are fast and easy to implement (e.g., in Stan). However,
one of the disadvantages, at least for the horseshoe prior,
is that the posterior distribution can be multimodal if
predictor variables are highly correlated (Piironen &
Vehtari, 2017).
The use of a continuous mixture in the aBSS-lasso formulation leads to a closer resemblance of spike-and-slab
priors and scale mixture priors. Future conceptual research
and simulations are needed to compare the different shrinkage priors for linear or nonlinear SEM.4 This comparison,
though, lies beyond the scope of this article.
4
Additional simulation results not reported here indicated that the
horseshoe prior has very similar characteristics to the aBSS-lasso with
regard to bias and accuracy; however, convergence rates were lower with
an average of 74%. They improved with sample size from 69% for N ¼
200 to 80% for N ¼ 800.
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Practical Implications and Future Directions
Shrinkage methods, such as the lasso, only have advantages in
more complex models and when the actual parameter vector is
sparse (i.e., many zeros). From reading the literature, we know
that there are many situations in social, behavior, and education
sciences that involve these conditions. First, when more complex
theories (such as the expectancy-value theory) are investigated, it
is meaningful to include these relationships and hypotheses into
a single model. If relevant effects are omitted, the remaining
effects may have spurious estimates (Klein et al., 2009).
Theories in many areas become more complex in order to
describe human behavior.
Second, large-scale data sets open up the possibility to investigate relevant hypotheses under consideration of many covariates. This possibility allows one to formulate more general
models, which in turn allows researchers to generalize effects
across different subpopulations described by the covariates. One
practical example is DIF detection. Following the model formulation put forth by Bauer (2017), covariates can be included to
detect DIF in factor loadings using products between factors and
covariates. We expect that the aBSS-lasso can provide an important improvement in estimation and model selection in situations
where many covariates and items are available.
Third, the structure of available data sets becomes
more complex, for example, when data are collected
from schools (such as in TIMSS or PISA), or in multicenter treatment studies. Frameworks that can account for
such clustered structures have been developed in general
(Asparouhov, Hamaker, & Muthén, 2017; Kelava &
Brandt, 2014; Muthén & Asparouhov, 2009). While
some researchers warn against the formulation of overly
complex models (e.g., Preacher, Zhang, & Zyphur, 2016),
other recent work on misspeciﬁed SEM showed that
overly restrictive models often lead to severe bias (e.g.,
Bollen, Kolenikov, & Bauldry, 2014). The aBSS-lasso
may help to solve this dilemma because it performs well
when models are complex, but provides sparse parameter
estimates that allow researchers to formulate a more parsimonious model for subsequent analyses. Particularly
with regard to lacking model ﬁt for nonlinear models
(Gerhard et al., 2014), it is important to provide methods
that can ﬁt more complex models that resemble saturated
models, which potentially include the correct model as a
submodel.
Fourth, semiparametric modeling using latent variables has
recently become more prominent (e.g., Feng et al., 2017; Kelava
& Brandt, 2014; Song et al., 2013). These models substantially
increase computational demands because their formulation (e.g.,
using basis expansion for splines) results in multiple latent
variables for each predictor included in the model. The applicability of shrinkage methods to semiparametric modeling can
improve model estimation and interpretation, for example, by
smoothing the extracted nonlinear function. Some shrinkage
methods, such as an adaptive lasso, have been used (Guo et al.,

2012), but more recent methods such as the spike-and-slab prior
might lead to further improvement.
Final Remarks
The aBSS-lasso produced more accurate results in situations
of high multicollinearity and low reliability compared to other
approaches when analyzing many effects simultaneously.
When analyzing complex theoretically implied associations,
such as in studying motivation, or large-scale data sets with
many variables, this method can be applied because it can
accommodate many effects simultaneously. Due to its spikeand-slab prior implementation, the aBSS-lasso estimator can
be used to select relevant linear and nonlinear effects more
accurately than other methods. In situations with only few
effects and predictor variables (such as a single interaction
effect), it can be assumed that there are no advantages from
this method compared to traditional approaches such as LMS.
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